The analysis of cerebrovascular shape is important for the diagnose and pathologic identification. But as the limitation of the segmentation algorithm, the complete cerebrovascular volume data are difficult to obtain. So the triangle mesh of the vessel model generated for the medical images may appear many gaps. In the paper, we present a extension algorithm for Ball B-Spline curve with G 2 continuity to repair the cerebrovascular structure from time-of-flight (TOF) magnetic resonance angiography (MRA) data. Ball B-Spline curve has its distinct advantages in representing a 3D tube like organs. A ball Bezier segment is used to construct the extending part and G 2 -continuity is applied to describe the smoothness at the joints. Fairness of the extending ball Bezier curve segment is achieved by minimizing energy objective functions for the center curve and the radius function separately. New control balls are computed by unclamping algorithm to represent the whole extended ball B-Spline curve. The experimental results demonstrate the effectiveness of our algorithm. The final results show that the proposed method provides good blending result, especially for those blood vessels of small size.
Introduction
Cerebrovascular disease is the first death disease in the world. Millions of people die from this disease every year. The stenosis in the internal carotid Artery (ICA) can cause the intracranial hypoperfusion, which is the main reason of the stroke. Located on each side of the neck, ICA is the main vessel that feeds blood to the arteries forming the anterior circulation of the brain. The geometry of ICA varies widely across the population, in particular the part known as the carotid siphon. The carotid siphon is the tortuous segment of the ICA that extends from the carotid canal to the terminal bifurcation (ICATB) at which the ICA bifurcates into the anterior cerebral artery (ACA) and the middle cerebral artery (MCA).
With the rapid development of medical imaging technology, medical imaging has become an essential tool for doctors to diagnose the cerebrovascular diseases [1] . In practice, the TOF MRA images are often used to diagnose the cerebrovascular disease with bright blood imaging. Therefore, in the paper we use the TOF MRA data for analysis and processing of cerebrovascular shapes. Currently, most of the doctors only use cerebrovascular volume data for visualization. For the further research of the cerebrovascular disease through imaging, the analysis and processing of cerebrovascular shapes is necessary. In these algorithms, normally they have strict requirements for the quality of the input models. By analyzing the cerebrovascular image sequence, we can find that as acquisition-dependent considerations about contrast, resolution, noise, and artifacts, the intensity of the cerebrovascular is not equal and the intensity of the surrounding tissues is similar, which makes the precise cerebrovascular segmentation quite difficult. Moreover, the vessels are connected and twisted together which construct the complex topology, and each vessel has the various curvature and torsion, changing radius, which construct the complex geometry. To analyze the geometric factors in ICA of population with variations, the integrity of the whole vessel connection and accurate geometry are critical for the accurate visualization and the quantitation of pathologies. Therefore, how to achieve such a good and complete ICA geometric model from an incomplete model is the goal of our paper. Here we provide a solution through repairing the vessel model and connect the gaps between the broken vessels together using BBSCs' blending algorithm, which relates with an efficient representation for cerebral vessel, cerebrovascular model repair and BBSCs' blending method.
Here, we will introduce the recent development on these issues.
The geometric representation of blood vascular is important for its segmentation, analysis, measurement, labeling, registration, computer-aided detection, surgical planning and blood flow simulation. Blood vascular generated from medical imaging instrument like CT, MRI, is initially represented as volumetric model. For different efficient applications, various geometry presentations are also applied. Among them, polygonal mesh is the popular Contents lists available at ScienceDirect journal homepage: www.elsevier.com/locate/neucom geometric representations of blood vascular [2] [3] [4] . Comparing with other shapes, the key characteristic of blood vessels is their tubular shape. NURBS surface is usually used to represent blood vascular when computing blood flow [5, 6] . Besides parametric surface, implicit surfaces and sweep surface are used to describe blood vessel [7] [8] [9] . As the simpleness and intuitiveness, cylinders and generalized cylinders are used in representing blood vessel [10] [11] [12] . A little work takes convolution surface as geometric representation of blood vascular [13] . Recently Wu provided the comparisons of some representations [14] .
Repair of 3D geometric models has become an important topic in the field of CAD and computer graphics. There are plenty of researches on the model repair for geometric and topological errors present in polygonal mesh and CAD models [15, 16] . The existing methods can be classified into two categories: the surfacebased methods and the volume-based methods [17] . The aim of the work is to solve the problem of local connectivity, global topology and geometry [18] . The problem of gap connection is related to the global topology and geometry. The surface-based methods detect and repair artifact directly on the input models [19] . These methods work on the local part of the input and thus perform fast. The overall shape of the model can also be kept. However this method is not suitable for the vessel connection, because the local smooth cannot keep the global consistent. The volume-based methods first convert the input model into a volumetric representation (based on voxels). Model repair is then conducted in the volumetric domain. Finally, the surface of the resulting model is extracted [20, 21] . However, the shortcoming is that the volumetric representation may introduce sampling artifacts to the input model, even for the structure preserved method. In the medical image analysis, little work has been done on the vessel model repair. We use the parametric representation to model the cerebral vessel. The B-Spline blending algorithm is extended to the BBSCs, which has the solid mathematic fundamental of fair and smooth. Local curve blending is considered as replacing the gap with a curve which smoothly joins the two original curves with G 1 or G 2 continuity. Many methods have been investigated in parametric form [22] [23] [24] or implicit form [25] . Liu et al. proposed a NURBS curve blending method which is efficient to G 2 -connect the two curves and does not change the original shape of the curves [26] . Zhang [27] proposed a blending method for disk B-Spline curve, which is used in 2D region representation. As for ball B-Spline curve, it generalizes the B-Spline curve with an additional radii function and has advantages in representing 3D freeform tubular objects. Jiang proposed a ball B-Spline curve blending algorithm with G 2 continuity [28] . It investigates the blending of the skeleton and the blending of the radii function separately and acquires G 2 continuity at the joints. The tiny vessels in the vascular model can be connected smoothly. It is important for improving the final vascular model.
The main contributions of the paper are in the following:
(1) We employ the tree based BBSCs to represent the 3D cerebral vessel. Tree based topological representation can describe the comprehensive features of 3D cerebral vessel, while BBSC describes its detail geometric information, including not only every point inside 3D cerebral vessel, but also providing its center curve in B-Spline form explicitly as BBSCs have powerful representation ability for tubular shapes [29] . (2) We repair the broken cerebral vessel by the blending method.
As BBSC is parametric representation, our repairing algorithm of the broken cerebral vessel with BBSC blending algorithm has solid mathematical fundamentals, and can achieve smooth results (G 2 continuity) as well as keeping fairness. Furthermore, the repairing method does not change original shape of cerebral vessel.
The rest of the paper is organized as follows. In Section 2, we use the interactive blending algorithm to repair the cerebrovascular model. In Section 3, experiments and result analysis are shown. Finally in Section 4, we provide our conclusions and discuss the future work.
Interactively blending of cerebrovascular model

The definition of the Ball B-Spline Curves (BBSC)
A BBSC is defined as
Here P i is called control points, r i is called control radius. As
A Ball B-Spline curve can be viewed as two parts: the center curve (or skeleton): cðtÞ ¼ P n i ¼ 0 N i;p ðtÞP i , a 3D B-Spline curve and the radius function rðtÞ ¼ P n i ¼ 0 N i;p ðtÞr i , a B-Spline scalar function. For the detailed properties about BBSC, please refer to [30] .
Ball B-Spline curve is a skeleton based parameter solid representation. BBSC directly defines objects in B-Spline function form (not a procedure method, like sweeping), which uses control ball instead of control point in B-Spline curve. BBSC describes not only every point inside 3D solid objects, but also provides its center curve in B-Spline form directly. Therefore BBSC is suitable for describing vascular-like 3D objects. Here BBSC is employed to describe cerebrovascular geometric structure, which is flexible for cerebral vessel modeling, manipulation and deformation. Each branch of a cerebral vessel is represented as a BBSC shown in Fig. 1 .
The volume data of the cerebrovascular structure is segmented from the TOF MRA sequence [31] . After defining the BBSC, we use this representation model to reconstruct the cerebrovascular structure. This process can be separated into two parts: the topological reconstruction and the geometric reconstruction. We use the L1 medial skeleton method to extract the skeleton of Huang et al.'s algorithm [32] . For its low requirements on the quality of the input volume date and robust, we can get the stable and accurate skeleton. The topological structure is built up through computing center curve on segmented data and tracing it. The geometric reconstruction is implemented through interpolating the center curve generated and its corresponding radii to generate a BBSC to implement the geometric model for each branch. Each branch of cerebral vessel is represented as a BBSC, which describes its inner structure as well as its skeleton explicitly. As BBSC is a parametric equation, it is flexible for modeling, manipulations and deformations. Furthermore, the geometric properties of cerebral vessel like curvatures, etc. can be computed exactly through BBSC, which has a rigid mathematical equation. These are beneficial for interactive modeling, measuring and analyzing cerebral vessel.
After the reconstruction of the cerebral vessels, we can see that there exist some gaps and incompleteness in the vascular model due to the actual data noise and the limitations of medical image segmentation algorithm. To achieve a complete model of the cerebral vessels, a repairing method is proposed based on a BBSC blending algorithm. By using the blending algorithm of ball B-Spline curve proposed, the tiny vessels can be connected smoothly (with G 2 continuity), and thus the problem of repairing the vascular model can be solved. Two ball B-Spline curves can be linked together by blending algorithm to keep smooth (G 2 continuity) and fairness [28, 33] . In the algorithm, an original BBSC is extended smoothly to join another one, such that no additional blending curve is created and the shape of the two original curves does not change.
Ball B-Spline curve extension algorithm by curve unclamping
Given the ball B-Spline curve 〈B〉ðtÞ and the target data ball 〈q 1 ; R 1 〉, the extension algorithm which extends the BBSC 〈B〉ðtÞ to the ball 〈q 1 ; R 1 〉 is presented as follows:
(1) Unclamp the BBSC at the right end by
where t 1 is estimated by the chord-length approximation
Calculate the extended BBSC. After extension, the curve can be represented as
with unclamped knot vector
Note that the newly added curve segment in the interval ð1; α 1 is influenced by the target ball 〈q 1 ; R 1 〉 only.
Ball B-Spline Curve blending algorithm using curve extension
Consider two BBSCs 〈B〉ðtÞ ¼
Firstly we extend the BBSC 〈B〉ðtÞ to pass through three data balls 〈q 1 ; R 1 〉, 〈q 2 ; R 2 〉, 〈q 3 ; R 3 〉. The initial positions of 〈q 1 ; R 1 〉, 〈q 2 ; R 2 〉 , 〈q 3 ; R 3 〉 is chosen by linear interpolation
Repeat the extension process given in Section 2.2 the curve 〈B〉ðtÞ can be extended to these three balls. Finally, the curve becomes
Secondly, we adjust the positions of the three newly added control balls 〈Q n þ 1 ; r n þ 1 〉, 〈Q n þ 2 ; r n þ 2 〉 and 〈Q n þ 3 ; r n þ 3 〉 of 〈B〉ðtÞ to achieve two goals: (1) Meet G 2 -continuity conditions between 〈B〉 ðtÞ and 〈B〉ðt Þ. (2) Minimizing the energy of 〈B〉ðtÞ to ensure the fairness.
The curve segment between 〈Q n ; r n 〉 and 〈q 3 ; R 3 〉 is only affected by the three given balls. Thus adjusting the three added control balls will not change the original parts of the two curves.
As for the goal (1), the G 2 -continuity conditions between two B-Spline curves [34] are generalized to BBSCs. And the G 2 -continuity conditions between 〈B〉ðtÞ and 〈B〉ðt Þ are as follows:
Since 〈q 3 ; R 3 〉 ¼ 〈B〉ð0Þ, 〈B〉ðα 3 Þ ¼ 〈B〉ð0Þ is guaranteed automatically.
For simplicity, we make β ¼ 0. Eq. (7) is viewed as two parts: the G 2 -continuity condition for skeleton 8 and for radius 9
c(t) is the skeleton of 〈B〉ðtÞ: cðtÞ ¼ P n i ¼ 0 N i;p ðtÞQ i ; cðt Þ is the skeleton of 〈B〉ðtÞ: cðt Þ ¼ P n i ¼ 0 N i;p ðt ÞQ i . The new position and radius of control balls 〈Q n þ 1 ; r n þ 1 〉, 〈Q n þ 2 ; r n þ 2 〉 and 〈Q n þ 3 ; r n þ 3 〉 can be calculated according to (8) and (9) .
Then the fairness of blending BBSC is achieved by minimizing an exact energy function.
The degree of freedom α 1 is determined by minimizing the strain energy of the skeleton of 〈B〉ðtÞ. In this work, the objective function based on exact energy variation [35] [36] [37] is applied to
where ds is differential of curve arc length, κðsÞ is the curvature defined as: kðsÞ ¼ J q 0 ðtÞÂq ″ ðtÞ J J q 0 ðtÞ J 3 . Eq. (10) is a strong non-linear problem. We transfer it into a non-linear least squares problem and then apply the GaussNewton-NL2SOL [38] method to solve it.
The degree of freedom α 2 can be determined by minimizing the strain energy of r(t). For simplicity, we apply the approximate energy function, that is arg min where r ð2Þ n À 1 , r ð2Þ n and r ð2Þ n þ 1 are all linear functions of r n þ 1 and r n þ 2 ,
H is the range of α 2 . The strain energy function R energy ðα 2 Þ is a quartic equation with respect to α 2
where c i ði ¼ 0; 1; …; 4Þ are all constants. Finding the minimum of the function R energy ðα 2 Þ is equal to solving a cubic equation
Solve the above algebraic equation to get at most three extreme points. According to the monotonicity of the quartic function R energy ðα 2 Þ in H, the minimum energy is got finally, so as the corresponding α 2 . Fig. 2 illustrates the blending process for the two BBSCs with a gap between them. By the blending method proposed, we can see that the two BBSCs are connected smoothly without changing their original shapes. The experiment result is quite satisfying.
Repairing the Cerebral Vessel Model
In the previous section, we reconstruct the vascular model based on BBSCs and establish the tree based topological structure. Based on the topological structure of the model, we can identify the connection relations between segments, which will help to choose the ones needed to be blended. Taking the simple local vascular model for example, the interactive blending process of BBSC reconstruction model is illustrated as follows. After the establishment of the topological structure of the local vascular model, we display the branch roots and the ends of the branches using different color tags. In Fig. 3(a) the simple local vascular model with gaps is shown. We mark the roots of the branches by red balls and the ends of branches by green balls. Its corresponding topological structure is shown in Fig. 3(b) . The topological information is marked with blue ball. In this way, the information for the determination of which branches to be repaired can be offered.
In general, the branch root is supposed to be connected to one of its nearby branch ends of the other branch segment. Then we choose one root and one end near it by picking and deal with the model by blending method. After repairing, they are combined into one vascular segment. The processing result of the local vascular model by blending method is shown in Fig. 4 .
Our interactive repairing method is effective in processing the gaps in the ball B-Spline curve reconstruction model. The segments with a gap in between are connected smoothly and the topological structure is maintained. In the following experiment section, we will apply the repairing method in processing the manual vascular model and real cerebrovascular model.
Experiments and analysis
A good representation model and reconstruction method must be tested in real cerebrovascular data. Here we verify our method through artificial tube data, public manual vascular model and the real cerebrovascular data. In order to validate our method, we create a 3D digital vessels platform. Our software platform is Windows XP, VC 6.0, VTK 5.0, VMTK5.0 and OpenGL3.0. The hardware system is Intel (R) Core (TM) 2 CPU, 2.00 GB memory, NVIDIA Quadro FX 550 display card. The test TOF MRA image data is consisting of 216 axial sections with the size of 512 n 512 pixels and image maximum interval is 2.1 mm, minimum interval 0.7 mm, and reconstruction diameter 200 mm. In the blending part, three different models are used to show the blending results, which are tube model, public manual vascular model with different branches and the real cerebrovascular vessel model.
Two different models are used to show the blending results. The part of vascular model based on ball B-Spline curve and its topological structure is presented. The roots of the vascular model are noted by red balls and the ends are noted by green balls. The bifurcation points are noted by blue balls in Fig. 5(b) . The manual vascular model has several gaps between segments. And its topological structure offers us the connection information between segments. In order to connect the rupture parts, we use our interactive blending method to process the tree model. The processing result is shown in Fig. 6 . After the blending process, the several vascular segments are connected into one tree smoothly. We can see that the topological structure is maintained as one whole vascular in Fig. 6(b) . The experiment verifies the effectiveness of our blending processing method. The real vascular topology is by binary tree structure. After blending the topology representation, all the branches are connected together with integrated structure.
Another model is the real cerebrovascular BBSC reconstruction result after segmentation TOF MRA data of the experiment. The model is the left posterior cerebral circulation. After reconstruction we can see at the end of the vessel there are many separations and broken parts, especially in the tiny vessel under the third level. The reconstruction result with surface blending and the skeleton after tracking are shown in Fig. 7 . In Fig. 7(a) , we can see the reconstruction result of the ICA. In Fig. 7(b) , the leaf point is labeled with blue and bifurcation is labeled with yellow. The same three tree structures can also be seen in Fig. 7(a) .
From Fig. 8(a) and (b), we can see some branches that can be connected and combined in one unified topological structure through the blending algorithm. The integrity of the cerebrovascular geometric is verified.
The experiment results of the blending algorithm are based on the reconstruction of the cerebrovascular model. Because the real model has many gaps and we do not know the real part of it. So it is difficult to evaluate the blending effects of the cerebrovascular model. Left posterior cerebral circulation is the important organ to conduct the blood flow to the brain. Here we choose five same parts of vertebral-basilar circulation of the brain. These parts are shown in Fig. 9 . We break these parts and manually repair them with our curve blending algorithm. The difference between the original part and repair part is calculated with different color to evaluate the blending results with the data. In Fig. 9(a) , we can see the five parts that are located in the vertebral artery, basilar artery, superior cerebellar artery, hemispheric branch of superior cerebellar artery, p1 segment of posterior cerebral artery and p2 segment of posterior cerebral artery. All these vessels are labeled from the first to the fifth vessel. In Fig. 9(b) , we can see the red mesh is the original reconstructing model and the yellow part is the new model with the blending algorithm. Most of them overlap together, especially in the starting and ending part. The details of the blending parts can be seen in Fig. 10(a)-(d) . The repaired part and the original part have the same curve trend with similar curvature and torsion. Our blending method is G 2 continuity.
The difference between the original part and blending part is used to evaluate our blending algorithm. We find the starting boundary curve and the end boundary curve of the original and repairing surface. With calculating the shortest geodesic length of these two boundary curves, we can decide the two start points of the curves. Then we get 10 points with uniform resampling the arc length on the curves. The geodesic line of these 10 point pairs are calculated with fast matching method. We evaluate the difference of these geodesic lines of the same point pair in the original part and the repairing part with the Frechet distance. The detail is illustrated in Fig. 11 .
With the calculation we can see the mean error of the fifth part is less than 2.85 mm, the max error is 2.66 mm. And the standard deviation of the data is 0.026 mm. The blending error of the fifth part is less than two voxel size. It will have little influence on the quantitative analysis of vessel geometric.
The running time was recorded when blending two broken vessels. Ten such experiments were conducted and the results of the running time are shown in Table 1 . We can see that the mean running time of ten experiments is 576.3 ms and all of them are less than 1 s. This time can meet our requirements and the result shows that our blending algorithm is quite efficient.
Conclusions
In this paper, we present an algorithm for repairing cerebrovascular with BBSC blending, which is based on BBSC extension and satisfies G 2 -continuity between BBSCs. We provide G 2 -continuity conditions for Ball B-Spline curves through extending G 2 -continuity conditions of B-Spline curves. The fairness of the blended BBSC is achieved through minimizing the energy objective function. The vessels of the real cerebrovascular are used to verified the algorithm. And our neurosurgeon and radiologist agree with the repairing result in practice. This work can lead to wider and further applications. The satisfactory experimental results verify the effectiveness of our method.
However, there is some limitations in our algorithm. In the repairing method, the start point and end point of the blending curve are both decided by the user. In the future, an automatic algorithm should be designed. The improved results will be shown in our future papers. 
